This paper introduces new theory on analysis of the trajectories of a class of single-input single-output (SISO) fourth order nonlinear systems which is controlled by using output feedback. The studied system is written in terms of the tracking error, which is defined as the difference between the desired state trajectory and the actual trajectory, while the output is defined as the linear combination of the tracking error. Essentially, the main result is to prove that the asymptotic convergence of the output implies that the error state trajectories are uniformly ultimately bounded (UUB). Our theoretical results are complemented with an application of the theory to the tracking control of a Furuta pendulum. Detailed numerical simulations are presented.
Introduction
Many physical systems are characterized by means of nonlinear ordinary differential equations, which make them to be difficult to control. Examples of this kind of systems can be found in aerospace, electrical and mechanical sciences, to mention a few.
Many of these systems can be written in the form of a single-input single-output (SISO) n-th order nonlinear system, whose output can be either a particular state or a particular combination of the measured states. In [1] , the adaptive robust control of a class SISO nonlinear systems in a semi-strict feedback form is considered. The output tracking control of a class of nonlinear system which includes SISO nonlinear system was addressed in [2] , by using a robust control technique. More recently, in [3] , a direct adaptive control algorithm based on neural networks (NN) was presented for a class of SISO nonlinear systems.
Let us notice that usually in the literature, the problem of trajectory tracking is formulated as one of output trajectory tracking, and not as one of state trajectory tracking.
The main goal of this paper is to show that, by defining an output function as a combination of the trajectory tracking error state, any controller that assures asymptotic convergence of the output function also guarantees that the trajectory tracking error state is uniformly ultimately bounded (UUB).
The results are derived by following of internal and external dynamics of the theory of feedback linearization, and by establishing conditions to accomplish the known theory on systems with UUB trajectories. Finally, we confirm the theoretical results in the tracking control of a Furuta pendulum, by using a feedback linearization-based controller. This controller includes a generalized feedback term. Three different forms of the feedback term have been tested numerically, which confirms the validity of the proposed theory.
This paper is organized as follows. Section 2 is devoted to the main result and its proof. The proof is divided in two Propositions and their respective proofs. In Section 3, an application of our main result is developed for the trajectory tracking control of the Furuta pendulum. Three different simulations are presented. Finally, some conclusions are drawn in Section 4.
Problem formulation
This paper is devoted to the class of nonlinear systems of the form
with x ∈ IR 4 measurable and τ ∈ IR is the control input. Now, let us define the desired state x d (t) ∈ IR 4 which is differentiable and bounded.
The class of systems that can be written as (1) are, for example, the Furuta pendulum [4] , the inverted pendulum, the inertia wheel pendulum [5] , to mention a few.
The control goal is to design τ such that the signal
is UUB. In other words, according to the definition of a UUB signal, [6] , the controller τ ∈ IR must ensure that exist constants a, b and T > 0, such that
The difficulty relies on the fact that with the only control input τ (t) ∈ IR, the uniform ultimately boundedness of e(t) ∈ IR 4 should be guaranteed. In particular, the desired trajectory is given by
The dynamical system given by equation (1) can be written in terms of the tracking error (2) as follows
which describes the open-loop system. It can be seen that the system (4)- (7) does not have the Brunovski canonical form. Thus, the derivation of a controller and the study of the trajectories of the resulting closed-loop system do not match the theory in, for example, [7] and [6] . Hence a new theory should be developed to find conditions on the controller and the system, so that the error trajectories e(t) are UUB.
Then, we propose an output function y(t) ∈ IR given by
where ∆ 1 and ∆ 2 are positive constants. Assumption 1. There is controller τ (t) which guarantees that lim t→∞ y(t) = 0, for a compact set of initial conditions e(0).
Notice that the controller can be designed, in fact, by the feedback linearization technique, and by using the exact knowledge of the function a(x) and b(x). However, the main problem is to guarantee that the error state e(t) is UUB.
Main results
We first show a transformation of the error equation (4)- (7), by using the so-called normal form transformation. The importance of the normal form transformation is due to the obtention of the internal and external dynamics of the error dynamics. The procedure to get this transformation is clearly explained in [6, 7] . Then, by using the inputoutput linearization method, the Definition 13.2, and Theorem 13.1 in [6] , the dynamic system given by equations (4)- (7) can be transformed by using
where H ∈ IR 4×4 is a matrix of transformation nonsingular,
and e = [e 1 e 2ė1ė2 ] T ,
the states of the internal dynamics, and
It is worthwhile to notice that the system (4)- (7) with the output y(t) has relative degree one. By using (10) and selecting
which satisfies
a transformation is given by
with g 1 and g 2 related to the equation (1) . The time derivative of equation (11) iṡ
Equation (12) can be written aṡ
where w(t, φ, η) ∈ IR 3 is a vector of nonlinear functions dependent of η(t), φ(t) and x d1 (t). The equation (13) represents the internal dynamics, and equation (14) is the external dynamics.
An important consideration in the results presented in this document is that the output feedback controller τ (t) should guarantee that the output dynamics can be represented as (14). However, in order to guarantee that Assumption 1 is satisfied, a Lyapunov-type assumption should be done on the growth rate of the function ϑ(t, φ) as follows. Assumption 2. The function ϑ(t, φ) satisfies
Consider the positive definite function W =
then by Assumption 2, we have thatẆ ≤ −kφ 2 , which implies the asymptotic convergence of the output φ(t) = y(t).
In preparation for the analysis of trajectories of the system (13)-(14), let us notice that the internal dynamics can be written aṡ
where w 1 contains only terms with variables φ and η, and w 2 contains terms related to the reference signals q d (t),
, and variables φ and η. The explicit definition of the signals w 1 (φ, η) and w 2 (t, φ, η) can be extracted from the first three equations of (12). However, we decided to leave out such definitions for compactness of this paper. Besides, note that equation (16) can be rewritten aṡ
where w(t, 0, η) = w 1 (0, η) + w 2 (t, 0, η) and
The following two properties on the functions ξ(t, φ, η) in (18) and w 2 (t, η, 0) will be useful.
where k 0 is the Lipchitz constant.
Proof. Given that ξ is a smooth and differentiable function then, it is at least locally Lipchitz according to Theorem 3.1 of [6] .
Property 2. The function w 2 (t, η, 0) satisfies
Since the system (4)- (7) and the transformation H in (11) are continuous, the inequality (20) is accomplished. Assumption 3. The matrix
is Hurwitz for values of ∆ 2 large enough.
Assumption 3 resembles more a Property rather than an assumption. For shortening, we leave out the proof that, in fact, Assumption 3 is a property.
coming from the overall closed-loop system (13)- (14) are UUB. Proof: Adding and subtracting the linear term Aη in the right-hand side of equation (17), where A is given in (21), the internal dynamic can be rewritten aṡ
Let V 1 be a positive definite function given by
The time derivative of V 1 along of the trajectories of (13)- (14) iṡ
By Assumption 2 in (21), A is a Hurwitz matrix, and the equation
is satisfied. By using properties (19) and (20) it is possible to calculate the followings upper bounds
where the constants ǫ, γ c 0 , k 0 > 0. Substituting inequalities (25)-(28) in (24) and using Assumption 2 in (15),V 1 is upper bounded aṡ
Therefore,
where
Let us notice that from inequality (29)
which is satisfied for all x * (t) such that
This can also be established as x * (t) ≥ µ, with
Then, in agreement to the Theorem 4.18 in [6] , page 172, there are sufficient conditions to claim that
for initial conditions x * (0) starting at same compact set D.
Proposition 1 states that the states of the internal and external dynamics are bounded. However, it remains to prove that error trajectories e(t) are UUB. Proposition 2: The solutions
of the closed-loop (4)- (7) are UUB. Proof: From (9) we have that the equation
holds. Therefore, the inequality
is satisfied. By virtue that Proposition 1 assures that η(t) and φ(t) are UUB, inequality (33) implies that the trajectories e(t) = [e 1 (t) e 2 (t)ė 1 (t)ė 2 (t)] T are also UUB.
Notice that inequality (33) implies that the trajectories of the closed-loop system (4)- (7) are UUB. At the same time, the control objective in equation (3) is satisfied with some control law τ (t) given in terms of the Assumption 1.
In summary, using as support Proposition 1 and 2, we are position to establish the following.
Theorem 1: Any controller τ (t) given in terms of Assumption 1 and Assumption 2 guarantees at the same time that the error trajectories
Proof. Proposition 1 and 2 proves Theorem 1.
In order to assure convergence of the output y(t) = φ(t) the controller τ (t) can include integral action, so that the external dynamics (14) is written as
The proof of Theorem 1 can be achieved by modifying Assumption 2, for example as
with k 1 , k 2 > 0, and adding to V 1 in (23) a square term in x. Other assumptions can be established depending on the integral extension (35).
Application to the Furuta pendulum
We have applied our results for the tracking control of a Furuta pendulum [4, 8] . We have used the standard controller derived from feedback linearization in order to guarantee Assumption 1. Then, we have that the input transformation given by
results in a linear differential relation between the output y and the generalized function ϑ, i.e.,
With reference to the proposed controller (36), for the case of the Furuta pendulum we have that
T are defined as
where M (q) ∈ IR 2×2 is the positive definite inertia matrix and C(q,q)q ∈ IR 2 is the centrifugal and Coriolis torque vector, g m (q) ∈ IR 2 is known as the gravitational torque vector, f v (q) ∈ IR 2 is the vector containing the viscous friction terms of each joint, and f c (q) ∈ IR 2 is continuous and differentiable version of the Coulomb friction vector with β > 0 sufficiently large. The constants θ i are the parameters of the dynamic model of the Furuta pendulum. Finally
is the vector of joint position. In correspondence to the system (1),
The output equation (8) can be turned into an exponentially convergent signal by using any of the following signals
where k p , k a and k b are positive constants, and the function ϑ 3 is a high order sliding mode controller, well known as super-twisting algorithm [9] , [10] . Notice that the controller (36) is valid in a region of the state space where
For the feedback linearization controller in (36) we used ∆ 1 = 3 and ∆ 2 = 6 for the output function y in (8) . For the signal ϑ 1 in (40) we used k p = 10. For ϑ 2 in (41) we used k p = 10 and k s = 0.5. Finally, for the super-twisting algorithm that defines the signal ϑ 3 in (42), we used k a = 4 and k b = 0.5.
The values for the constant parameters θ i of the Furuta pendulum model are shown in Table 1 . We considered β = 100, which is related to the vector of Coulomb friction f c (q) ∈ IR 2 . The desired joint position trajectory q d1 (t) for the arm position was defined as x d1 (t) = 1.0 sin(t).
The numerical results are illustrated in Fig. 1-4 . In particular, the Fig. 1 shows the time evolution of the desired trajectory x d1 (t) and the actual trajectory q 1 (t) shown in red when the signal ϑ 1 in (40) was used, in green when the signal ϑ 2 in (41) was used and in blue for ϑ 3 in (42). Likewise, Fig. 2 depicts the time evolution of q 2 (t). Finally, the applied torque τ (t) and the output signal y(t) are observed in Fig. 3 and 4 , respectively. By inspecting Fig. 1-2 , the difference between the desired trajectory x d (t) and the actual x(t) remains bounded.
Conclusion
We considered a class of fourth order nonlinear system controlled by a output feedback. The output is defined as a linear combination of the error trajectories. Conditions for the closed-loop system trajectories to be UUB have been investigated. The key in the development of our results is the derivation of the internal and external dynamics. In order to validate our results, the output feedback linearization was applied to the Furuta pendulum and three different definitions of the signal ϑ were used. The numerical results support the Theorem 1. 
